The dimensionful nature of the coupling in the Einstein-Hilbert action in four dimensions implies that the theory is non-renormalizable; explicit calculation shows that beginning at two loop order, divergences arise that cannot be removed by renormalization without introducing new terms in the classical action. It has been shown that, by use of a Lagrange multiplier field to ensure that the classical equation of motion is satisfied in the path integral, radiative effects can be restricted to one loop order. We show that by use of such Lagrange multiplier fields, the Einstein-Hilbert action can be quantized without the occurrence of non-renormalizable divergences.
Removing divergences arising in quantum field theory through a rescaling ("renormalization") of the parameters and fields is viable when no couplings with negative mass dimension occur. Unfortunately, the coupling ε = √ 16πG in the Einstein-Hilbert action for general relativity in four dimensions (EH4) has a negative mass dimension. At one loop order the divergences can be removed through a field redefinition on account of the Gauss-Bonnett relation [1, 2] but at two loop order divergences arise that can only be absorbed by introducing a new term that is cubic in the curvature into the classical action [3, 4] . When going to arbitrary higher orders in perturbation theory, an infinite number of counterterms (allowed by general coordinate invariance) would be needed [5] , making the theory less predictive.
It has been shown that if by use of a Lagrange multiplier field to impose the condition on the quantum mechanical path integral (QMPI) that there are only paths which are on the classical trajectory, then beyond one loop order there are no contributions to the effective action. This was initially illustrated by considering Yang-Mills theory in four dimensions [6] and subsequently used with a Proca field [7] . We will now show how Lagrange multipliers can be used to suppress effects beyond one loop order for EH4. The one loop effects that do remain turn out to be just twice the one loop effects computed using the conventional QMPI.
To see schematically how this works, consider the fields Ψ i with Lagrangian L[Ψ k ]. The action in which a Lagrangian multiplier field Λ i is used to impose the condition that Ψ i is on shell (i.e. L ,i [Ψ k ] = 0 ) is [8] , then we consider the QMPI
The bi-linears in Ψ i and Λ i in Eq. (1) are of the form
Since
we see that there is no propagator ψ i ψ j . This, combined with the fact that all vertices are generated by terms of either the form
makes it impossible to construct a Feynman diagram with more than one loop or with external field λ i . A combinatoric analysis shows that these one loop diagrams are just twice those that arise if there is only the propagator ψψ = a −1 ij and the vertices of Eq. (5) 1 . We now will apply Eq.
(2) to the second order form of EH4 [9]
The gauge invariance of this action is diffeomorphism invariance. If g µν is split into a background metricḡ µν and a quantum field φ µν [8] g µν =ḡ µν + εφ µν (8) with indices raised and lowered and covariant differentiation defined usingḡ µν , then a convenient gauge fixing action whenḡ µν = δ µν is
The associated Faddeev-Popov action is of the form [8, 10]
where
Variation of g µν leads to [9] δS
1 A heuristic argument for this result is to consider just
and then use the functional analogue of
The exponential is the sum of all tree level diagrams, the determinant is the square of the contribution of all one loop diagrams. and so Eq. (2) becomes for the S 2EH action
where terms which do not contribute to the generating functional have been omitted. The Lagrange multiplier fields associated with the quantum fields εφ µν , c µ and d µ are ελ µν , ξ µ and ζ µ respectively. The classical gauge invariance
has been broken by the term
in Eq. (13). Since the vertices containing N external fields (φ µν , λ µν ) can be obtained from Eq. (13) by expanding √ gG µν up to O(φ N −1 ) in φ µν , the derivation of the Feynman rules needed for calculations of one loop Green's functions following from Eq. (13) is simpler than in the usual approach following just from S 2EH . Using this approach we have generated the vertices up to the four external fields φ µν and explicitly verified that φλ = φφ , φφλ = φφφ and φφφλ = φφφφ in agreement with general expressions in Eqs. (5) and (6) . This, together with the fact that the combinatorial factors of loop diagrams with mixed propagators are twice the ones in the usual theory and also that there are two ghost fields in Eq. (13), is sufficient to demonstrate that the results for all the one-loop diagrams will be twice the corresponding results in the usual formulation of quantum gravity. We note that vertices in the 2EH action become simpler if we were to use the first order (Palatini) action 1EH [11] . When using background field quantization then both dimensional arguments and explicit calculation show that all the one loop divergences for the 2EH action are of the form [1, 2] 
By the Gauss-Bonnett theorem, R 2 µνλσ can be expressed in terms of R 2 and R 2 µν and so all one loop divergences are proportional to terms that vanish when the equations of motion are satisfied. This means that they can be removed by a field redefinition [1, 2] or by rescaling the field Λ µν in Eq. (15). The two loop divergences that arise using S 2EH alone can only be removed if a new term appears in the classical action; introduction of the Lagrange multiplier field circumvents this problem. If however, g µν couples to a scalar field, one loop divergences no longer vanish on shell [1] . In supergravity theories, it is possible to avoid one loop divergences [12] . By means of introducing Lagrange multiplier fields it may be possible to avoid any higher loop divergences that might arise in supergravity theories.
Thus, by means of a Lagrange multiplier field, we have proposed a formulation of a possible effective field theory description of quantum gravity. This approach preserves the structure of the conventional theory to one loop order, but suppresses higher loop contributions where non renormalizable (by power counting) divergences arise. In this way, pure gravity may effectively become renormalizable.
